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Computer simulation of blood flow in microvessels and
numerical experiments on a cell-free layer
Sol Keun Jee, M.S.E.
The University of Texas at Austin, 2007
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Simulating blood flow in microvessels is a major challenge because of the numerous
blood cells suspended in the blood. Furthermore, red blood cells (RBCs), which constitute
45% of the total blood volume, are highly deformable. RBCs deformation and RBC-RBC
interactions determine the complex rheology of the blood. In this research, we simulate
the blood flow in periodic two dimensional channels and conduct numerical experiments
on the cell-free layer which appears near the wall. We use the boundary integral method
and the smooth particle mesh Ewald method to represent the blood flow, and cells are
modeled as deformable capsules. In the numerical experiments, we examine four possible
mechanisms that may contribute to the cell-free layer: RBC deformation, RBC aggregation,
configuration constraint, and the lubrication mechanism. Our simulations correctly repre-
sent hemodynamic phenomena such as the blunt velocity profile and the Fåhræus effect.
We observed that more deformable RBCs migrate more away from the wall, and, conse-
quently, the thickness of the cell-free layer increases. However, RBC aggregation increased
the cell-free layer thickness by only 5%. In the experiment on the configuration constraint,
no cell-free ”layer” was detected when we removed cells which intersected an artificial
v
constraint in the microvessel. In the last experiment on the lubrication mechanism, the
cell-free layer disappeared at a no-shear stress boundary, and the hematocrit profile was
similar to that in the constraint test. Therefore, this research clearly shows that the cell-
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1.1 General Overview of Computer Simulation of Blood Flow in
Microvessels
1.1.1 Blood Flow in Microvessels
Blood is a multiphase suspension which includes red blood cells (RBCs) or erythrocytes,
white blood cells (WBCs) or leukocytes, and platelets. The blood plasma, in which the
blood cells are suspended, contains ions, organic molecules, and dissolved gases. A RBC
is a biconcave disc with a diameter of 6− 8µm and a thickness of 2µm. A WBC is typically
a sphere ∼8 µm in diameter, and a platelet is a discoid ∼2 µm in diameter. Under physio-
logical conditions, 40− 45%of the total blood volume is occupied by RBCs which have a
highly flexible membrane; WBCs and platelets constitute ∼1/1200 and ∼1/1600 of the total
blood volume, respectively.
Because RBCs occupy almost one half of the blood, the RBCs determine the com-
plex rheological behavior of the blood in microvessels. Fåhræus and his colleague revealed
two major behaviors of the blood[16]: 1) the Fåræus effect; in a vessel ≤0.3 mm diameter,
the static volumetric concentration of RBCs (static hematocrit, Hs) is smaller than the dy-
namic hematocrit Hd, and the ratio of the two hematocrit Hs/Hd decreases as the diameter
decreases; 2) the Fåhræus-Lindqvist effect; the apparent viscosity in a vessel ≤0.3 mm di-
ameter decreases as the vessel diameter decreases. These effects are due to the dynamic
distribution of RBCs within the microvessel. RBCs tend to move to the center of the vessel
away from the wall and stay in the higher velocity region. Therefore, the concentration
of RBCs carried out by flow is larger than the concentration in the vessel (the Fåræus ef-
fect). Futhermore, the formation of a cell-free layer near the tube wall lowers the apparent
viscosity near the wall (the Fåhræus-Lindqvist effect).
1
1.1.2 Computer Simulation of the Blood Flow
Simulating blood flow in microvessels is a major challenge. The motion of individual
blood cells in a microvessel is critical to the mechanics of the flow because the size of cell
(6 − 8µm) is not negligible compared to the vessel diameter (20 − 300µm). Therefore, a
classical continuum model fails to represent the realistic blood flow in microvessels.
A number of theoretical and experimental studies of blood flow have commonly
been based on one of three simplifications[35]. First, to avoid cell-cell interaction, blood
flow with single cell[31] or only a pair of cells[5, 9] have been explored. Second, to avoid
the complexity of nonuniform shear fields, Eggleton and Zhou investigated the motion of
RBCs in linear uniform shear flow[12, 39]. Third, to eliminate the change of RBC shape in
time, rigid models for RBCs were used by Olla and Sun[25, 36]. Although these studies of
blood flow addressed the motion of a RBC in these simplified situations, they are hard to
generalize to the complexities of real blood. Therefore, a model that includes the realistic
features of the blood (numerous cells, nonuniform shear, RBC deformation, and RBC-RBC
interactions) is needed.
Recently, Freund for the first time applied the smooth particle mesh Ewald (SPME)
method to model the blood flow with numerous deformable RBCs in a two-dimensional
microchannel[15]. The SPME method is based on the classical particle-particle/particle-
mesh (P3M) algorithm devolped by Hockney and Eastwood[18]. The P3M algorithm is
an efficient method for solving elliptic equations (such as Stokes equation) with periodic
boundary conditions. The key to this algorithm is to decompose interaction forces into
two parts: the short-range and the long-range forces. The short-range forces are computed
by summing all particle-particle forces within a critical range, while the long-range forces
are approximated by calculating particle-mesh forces in the whole domain. A version
of the P3M algorithm is the particle-mesh Ewald (PME) method which uses reciprocal
Ewald sums to split the interaction force[11]. Essmann et al. intoduced the SPME method
into electrostatic interactions[13] by using the cardinal B-spline interpolation instead of the
Lagrangian interpolation to calculate the smoothly varying long range forces. The SPME
method was also used in the study of a dense suspension flow[33]. Since the SPME method
provides the fast calculation of forces acting on a large number of particles, Freund took
this advantage and successfully simulated the motion of a WBC with many RBCs[15]. The
Fortran code that Freund developed was used here to conduct the numerical experiments
on the cell-free layer discussed in the next section.
1.2 Cell-Free Layer
The cell-free layer appears near the wall as RBCs move toward the center and is a signif-
icant component of the hemodynamics and physiology of the microcirculation. In vitro
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studies have shown that flow resistance is reduced as the cell-free layer forms[4, 10, 32].
Maeda and his colleagues also analyzed the flow resistance and the elasticity of microves-
sels with respect to the cell-free layer thickness[22, 37]. From a physiological point of
view, the cell-free layer may function as a diffusion barrier for oxygen from RBCs to tis-
sues across the vessel wall[34]. In addition, the cell-free layer inhibits the aggregation of
platelets to the walls with a S-nitrosohemoglobin RBC, which regulates the concentration
of nitric oxide in the plasma[26].
The objective of the present study is to investigate the hydrodynamic mechanisms
that generate the cell-free layer. Previous experimental and theorectical studies did not
explicitly explore the mechanics that generate the cell-free layer. Furthermore, applying
the results of previous computational studies of simplified situations (see Section 1.1.2) to
explain the formation of the cell-free layer is questionable. Our objective here is to include
realstic features of the blood flow to evaluate the mechanics of the cell-free layer. First,
a physiologically realistic density of cells (Hs∼45%) and their interactions are considered.
Second, RBCs are embedded in wall-bounded shear flows. Third, RBCs are modeled as
deformable membranes so that their deformation actively interacts with the surrouding
flow of blood plasma.
We examine four phenomena that may contribute to the cell-free layer: RBC defor-
mation, RBC aggregation, configuration constraint, and the lubrication mechanism. These
four phenomena are discussed briefly below.
1.2.1 RBC Deformation
The Stokes flow of the plasma itself cannot generate the cell-free layer because of the time
reversibility of the Stokes flow[15]. However, the RBCs deformation breaks the time re-
versibility, and an asymmetric particle (a crude RBC model) is observed to migrate across
stream in shear flows[24, 25]. Therefore, the deformability of RBCs may influence the
cell-free layer. We model RBCs as deformable membranes with an elastic and bending
modulus which determine how much RBCs deform, and these mechanical properites of
RBCs are modified to change the RBC deformability,
1.2.2 RBC Aggregation
The RBC aggregation is the second possible factor. Fibrinogen is a large plasma protein
that contributes to RBC aggregation to form rouleaux, piles of aggregated RBCs[27]. The
presence of RBC rouleux can influence in vivo[7, 8, 22] and in vitro[4, 10, 19, 32] hemody-
namics. Therefore, we anticipate that aggregation can be a factor affecting the cell-free
layer by enhancing the lateral motion of RBCs. At present, there are two models for RBC
aggregation: bridging and depletion[5]. In the bridging model, RBCs aggregate due to
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macromolecule links between nearby cell membranes; according to the depletion model,
osmotic forces generated by the depletion of fibrinogen between RBCs results in the RBC
aggregation[5]. In this research, we use the depletion-mediated RBC aggregation theory
proposed recently by Neu et al. [23] to evaluate the effect of the RBC aggregation on the
cell-free layer.
1.2.3 Configuration Constraint
The configuration constraint is the third possible factor. Regardless of the lateral motion
of RBCs, the cell-free layer may appear near the wall. Because RBCs cannot intersect the
vessel wall, this constraint alone will produce a reduced local hematocrit near the wall
and contribute to the cell-free layer. To evaluate the magnitude of this effect, an artificial
configuration constraint is introduced in the flow away from the wall, by eliminating RBCs
violating the constraint.
1.2.4 The Lubrication Mechanism
Finally, the lubrication mechanism may contribute to the cell-free layer. Freund observed
lubrication scaling in the cell-free layer when he examined the relation between WBC loca-
tion and WBC velocity near the layer[15]. In addition, the cell-free layer plays the role of a
lubricating layer[22], such that the flow resistance decreases as the thickness of the cell-free
layer increases. Lubrication forces arise in a narrow gap where the shear rate is high near
the wall. Consequently, we investigate the consequences of eliminating the shear stress
at a wall. This is accomplished by changing the boundary condition to a no-shear stress
condition.
This study presents the first explicit investigation into the mechanism of the cell-
free layer by including a large number of deformable and aggregatable RBCs. The ability
to perform the kind of numerical experiments described above is one of the important
advantages of numerical simulation in studying complex phenomena.
The structure of the paper is as follows. Chapter 2 describes our modeling of the
blood flow and RBCs. We describe how RBCs are treated with deforable membranes, how
nearby RBCs interact with each other, how the plasma flow is represented by the boundary
integral method, how the simulation is accelerated, and what boundary conditions are
implemented. Chapter 3 presents the validation of our simulation of the blood flow by
comparing to experimental data. Chpater 4 describes the results from the four numerical
experiments on the cell-free layer. In Chapter 5, we draw conclusions from the simulation




The cell-free layer mechanisms investigated here will be manifested in both two- and three-
dimensional flows. In the current study, a two-dimensional model of blood flow is used to
simplify the simulations.
2.1 RBC Model
A RBC is typically a biconcave disk with a surface area of ∼130 µm2 and a volume of ∼98
µm3(see Figure 2.1). Because a RBC has no nucleus, it is simply considered to be a capsule
enclosed by its membrane.
(a) (b)
Figure 2.1: (a) Healthy RBCs[2], (b) Dimensions of a RBC[38].
To develop a two dimensional model of a RBC, the area and perimenter of the cell
must be selected to be consistent with the volume and surface area of a three-dimensional
cell. As shown in Figure 2.2, the area of the two-dimensional cell is chosen to be the area
of a circle with the same radius as a sphere having the volume of a RBC. The perimeter is
selected to be 1.6 times the circumference of the circle, consistent with a geometric model
of the RBC in [14].
The membrane of a RBC is discretized with Nm points and derivatives are com-
puted using a dealiased Fourier representaion of the membrane geometry. The membrane
5
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Figure 2.2: Determining geometric parameters for a two-dimensional red blood cell: (a) an
original three-dimensional RBC[1], (b) a sphere which has the same volume as the RBC (a),
(c) a circle with the same radius as ro, (d) an unstressed two-dimensional RBC model with






Figure 2.3: Forces on a two-dimensional membrane: the tangential force τ, the normal force
q, and the bending moment b due to deformation.
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stresses are computed using linear elastic membrane theory as summarized by Freund[15].
As the membrane deforms from the reference state, the tangential force in the membrane
is (using the notations of Freund[15])




where T is the tension modulus, s(so) is the arc length of the membrane, and so is the ref-
erential arc-length coordinate measured around the perimeter lo of a hypothetical tension-
free membrane (see Figure 2.3). The bending moment b is expressed in terms of the bend-
ing modulus M, the local curvature C, and the constant referential curvature Co:
b = M(C −Co). (2.2)




















In addition to the surface traction, RBC-RBC interactions exert forces on the mem-
brane and are discussed in the following section. The total force (the surface traction + the
RBC-RBC interactions) determines the plasma flow around RBCs, as discussed in Section
2.3.
2.2 RBC-RBC Interactions
In this research, we use the depletion-mediated RBC aggregation theory proposed recently
by Neu and Meiselman[23]. The total interaction force fT per unit area is the sum of the
depletion interaction (attraction) force fD and the electrostatic interaction (repulsion) force
fE:
fT = fD + fE. (2.5)
The modeling of fD and fE is described in Subsection 2.2.1 and 2.2.2, respectively.
2.2.1 RBC Aggregation
Figure 2.4 shows how human RBCs attract each other according to the depletion theory[23].








































into the bulk blood
due to the osmotic
pressure difference
Glycocalyx layer
Figure 2.4: Schematic diagram of the depletion-mediated RBC aggregation in polymer
solutions.
the membrane with a net negative charge. When the RBC is suspended in blood containing
extracellular proteins, the change of configuration entropy of a polymer (protein) near a
surface causes a polymer-poor layer near the RBC. Two polymer-poor layers merge as two
RBCs approach. Because the osmotic pressure in the polymer-poor zone is larger than that
in the bulk plasma, the solvent (plasma) moves from the zone into the bulk. Consequently,
an attractive force is exerted on two RBCs.
The depletion interaction force fD per unit area is derived from the depletion inter-





cb + b2(cp)2(= Π[23]) (r/2 < ∆ + δ − p),
0 (r/2 > ∆ + δ − p),
(2.6)
in which R and T are the gas constant and absolute temperature, respectively. The four pa-
rameters describing the polymer (Mp, cb, cp, b2) represent the polymer’s molecular weight,
bulk concentration, penetration concentration, and second-order coefficient in the equa-
tion of the osmotic pressure term Π in Neu and Meiselman’s paper[23]. This attraction
force is non-zero when half of the separation distance r/2 between two RBCs is less than
the sum of the depletion layer thickness (∆) and the thickness (δ) of the attached poly-
mer layer on a RBC minus the penetration depth (p) of the free polymer into the attached
polymer.













)2 + 4∆2o, (2.7)
8










in which kB is the Boltzmann constant and Na is the Avogadro number.
The penetration depth p of the free polymer into the attached polymer in Equation
2.6 is approximated by Neu and Meiselman[23]:
p = δ(1− e−cb/cp). (2.9)
2.2.2 RBC Repulsion
Figure 2.4 shows that the glycocalyx layer holds a net negative charge. Therefore, as RBC
separation approaches twice the thickness of the glycocalyx layer, the electrostatic repul-
sive force becomes stronger than the attraction. Due to this strong repulsion, RBCs separate
by at least twice the thickness of the glycocalyx layer, r > 2δ. The electrostatic interaction
force fE per unit area is derived from the electrostatic interaction energy wE that is also




sinh(κδ)(−κeκδ−κr + κe−κr) (2.10)
where σ, κ−1, ǫ, and ǫo are the RBC surface charge density, the Debye-Hückel length, the
relative permittivity of the blood plasma, and the permittivity of vacuum, respectively.
2.3 Stokes Flow - The Boundary Integral Method
The blood flow in microvessels is a Stokes flow because the Reynold number ReD based on
the vessel diameter D is small, ReD / O(0.01). Therefore, the motion of the blood plasma is
governed by the continuity equation
∇ · u = 0 (2.11)





The velocity due to the hydrodynamic interactions in the Stokes flow is given by





S i j(x − xo)∆σi(x)ds(x) (2.13)
where u j(xo) is the local velocity at xo, u∞j is a uniform velocity that would occur without
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any obstacles (e.g. walls and cells), µ is the Newtonian viscosity of the blood plasma, andΩ
is the membrane surface of RBCs[15, 29]. The uniform velocity u∞j is also the average veloc-
ity in the Poiseuille flow and is related to the pressure gradient. S i j is the Green’s function
for the Stokes flow or Stokeslet. Because our domain is periodic and two dimensional,
we use the periodic two-dimensional Stokeslet derived by Freund[15], who followed the
classical approach described by Hasimoto[17]:
S i j(x′) =






























where x′ = x − xo, r = |x′|, α is the Ewald coefficient[17], A is the area of the domain, κ is







Note that the two parts (S n and G) of the Stokeslet decay exponentially in r2 and κ2, respec-
tively, while the free-space two-dimensional Stokeslet[29] does not decay:






Substituting Equation 2.14 into Equation 2.13 and discretizing the continuous inte-
gral in Equation 2.13 over all membranes to a sum over all points Np in our domain yields






















The membrane of a RBC is discretized with Nm points and the walls with Nw points, so
Np = Nm × Nc + Nw in which Nc is the number of RBCs.
Because computing only the first sumation in Equation 2.17 costs O(N2p) and Np ∼
103 in our simulation, an efficient method is required to calculate the velocity u j(xo). In
this research, we use Freund’s implementation of the smooth particle-mesh Ewald (SPME)
method that was developed by Essmann et al.[13] and was recently applied to Stokes flows
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by Saintillan et al.[33] and Freund[15].
2.4 The Smooth Particle-Mesh Ewald Method
The SPME method[13], just like the P3M [18]or PME [11]method, decomposes the force
into a short-range and long-range force. In Equation 2.17, these forces correspond to the
surface traction ∆σ in the first summation and the second summation.
2.4.1 Short-Range Hydrodynamic Interactions
The short-range hydrodynamic interactions are exerted on the points within a critical
range rc ∼ O(Ns). Therefore, the computation cost drops to O(NsNp) with Ns ≪ Np. The
value of rc depends on the Ewald number α: if α is sufficiently small, S n decays fast enough
to leave out the interactions between x and xo when |x − xo| > rc. Here, we follow Freund’s
choices for the Ewald number α = 0.042r2o and the critical range rc = 0.5ro[15].
2.4.2 Long-Range Hydrodynamic Interactions
The stucture of the summation of Fi(κ) indicates that the fast Fourier transform (∼ O(NlogN))
can be used to evaluate it. Before we Fourier transform, we distribute the surface tractions
on the membranes to mesh points which are uniformly distributed in the periodic domain.
After that, Fi(κ) is obtained from the Fourier transform and mutiplied by Gi j to form FiGi j.
Taking the inverse Fourier transform of FiGi j yields velocities on the mesh points. Finally,
interpolating the velocities on the mesh points to the membrane points provides the value
of the last term in Equation 2.17. The key advantage of the SPME method over the PME
method is that B-splines, instead of Lagrangian functions, are used for the distribution
and interpolation. Because a pth-order approximation based on (p − 1)th-order B-Spline is
(p − 2) times continuously differentiable, it is better to use the B-spline interpolation than
the Lagrangian interpolation which is known for numerical instability at higher orders[13].
Here, following Freund’s selections, we use the quadratic B-splines and the mesh space
∆m = 0.15ro[15].
2.5 Boundary Conditions
The walls are discretized with Nw points to allow imposition of boundary conditions. In
most cases, no-slip conditions are applied, but no-stress conditions are also implemented
to support the study of the lubrication mechanism for formation of the cell-free layer.
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2.5.1 No-Slip Conditions
To impose no-slip conditions, walls are treated as stiff membranes with a strong spring
constant kw. Therefore, the wall points are not exactly fixed and can move slightly by
stretching or compressing the initial membrane elements ∆w. The force exerted on the
membrane points is given by
∆σw = −kw(xw − xiw) (2.18)
in which xiw is the initial position of the wall point. If xn = xw in Equation 2.17, Equation
2.18 is used, instead of Equation 2.4, to compute u j(xo). Although this slightly flexible
condition may break the periodicity, the flow field is insensitive to the value of kw [15].
2.5.2 No-Shear Stress Conditions
We modify the boundary conditions by imposing a no-shear stress condition on the top
wall and keeping the no-slip condition at the bottom wall when we conduct the numerical
experiments related to the lubrication mechanism. First, we decompose the flow velocity
u to two parts: u1 and u2,
u = u1 + u2. (2.19)
The first velocity component u1 results from Equation 2.17 without walls. The second
velocity component u2 satisfies the governing equations 2.11 and 2.12 and enforces u to
satisfy the wall boundary conditions.
Removing the pressure term in Equation 2.12 makes the calcualtion of u2 easier, so
we take the double curl of the Stokes equation for u2:
∇2∇2u2 = 0. (2.20)














ũ2(κx, y) = 0. (2.22)
Because Equation 2.21 shows that one component of the velocity can be obtained from the
other component, we solved Equation 2.22 only for the y-velocity ṽ2 which is generally
expressed in terms of hyperbolic functions:
ṽ2(κx, y) = A1 cosh(κxy) + A2 sinh(κxy) + A3y cosh(κxy) + A4y sinh(κxy), (κx , 0) (2.23)
12






ṽ2(κx, y), (κx , 0) (2.24)
The four coefficients A1−A4 at κx , 0 are determined by the wall boudary conditions
(no-slip at bottom and no-shear stress at top). Solving Equation 2.21 and 2.12 when κx = 0
is discussed after the following two subsections.
No-Slip at Bottom when κx , 0
Since the fluid cannot penetrate the wall,
ṽ2(κx, y = bottom) = −̃v1(κx, y = bottom). (2.25)
Combining the no-slip condition and Equation 2.21 yields
∂̃v2
∂y
(κx, y = bottom) = −iκxũ2(κx, y = bottom) = iκxũ1(κx, y = bottom). (2.26)
No-Shear Stress at Top when κx , 0
The fluid also cannot penetrate the wall, so
ṽ2(κx, y = top) = −̃v1(κx, y = top). (2.27)
Combining the no-shear stress condition and Equation 2.21 yields
∂2̃v2
∂y2
(κx, y = top) = −iκx
∂ũ2
∂y
(κx, y = top) = iκx
∂ũ1
∂y
(κx, y = top). (2.28)
Case of κx = 0










where u2 is the x-direction average of u2, and its boundary condtitons are
∂u2
∂y (y = top) = −
∂u1
∂y (y = top)
u2(y = bottom) = −u1(y = bottom)
(2.30)
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The pressure drop ∆P
∆x is determined by a desired x-direction average total velocity u
∞.
Since the x-direction average y-velocity v is zero, from Equation 2.21,
v2 = −v1 = constant (2.31)
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Chapter 3
Simulation Results for Blood Flow
3.1 Visualizations
Sample visualizations of two-dimensional simulations with (A) 27 RBCs without aggrega-
tion and (B) 110 RBCs with aggregation in periodic microvessels are shown in Figure 3.1.
For both cases, the static hematocrit Hs = 43%. Circular RBCs were randomly distributed
within the microvessels as initial conditions (see Figure 3.2). Eventurally, the RBCs deform
to biconcave disks in our simulation, similar to normal RBCs. The effect of RBC aggrega-
tion on the flow is discussed in Section 4.2.
Table 3.1 contains physical parameters and their dimensionless values which are
used in our simulation. The initial radius of a RBC is equivalent to the radius of a sphere
which has the same volume as a normal RBC (see Section 2.1). We use two different sizes
of the domain (10×20 and 20×40), but the ratio of the length to the width is the same,
Lx/Ly = 2. The average velocity u∞ = 0.2 and 0.4 in the 10×20 and 20×40 microvessel,
respectively, in order to set the same pressure drop in one periodic length. According to
Popel and Johnson, 0.01− 0.02 cm/s is a common value of the average velocity in micro
venules [27]. The tension and bending modulus of a RBC vary to change the RBC deforma-
bility, but the ratio is fixed r2oT/B = 50, following Freund[15]. We use the same viscosity
for inside and outside the RBC membranes because this identical viscosity greatly simpli-
fies the computations while still reproducing the general behaviors of the blood flow[15],
though the actual viscosity of RBC cytoplasm is five times larger than that of the blood
plasma. The average periodic time τp is defined as the time for which flow with the aver-








Figure 3.1: Sample visualizations of two-dimensional simulations with (A) 27 RBCs with-
out aggregation and (B) 110 RBCs with aggregation. Static hematocrit Hs = 43% in both
cases. Blood flow is from left to right and periodic in the x-direction.
B
A
Figure 3.2: Initial conditions corresponding to A and B in Figure 3.1. RBCs are randomly
distributed within the microvessels.
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Physical Parameters Dimensionless Parameters















Flow velocity u∞∗, u∗ 0.01− 0.02 [27], 0.05 cm/s u∞ = u∞∗/u∗ 0.2− 0.4
Tension modulus T ∗ 0.6− 12× 10−3 dyne/cm [30] T = T ∗/T ∗ 0.5− 10
Bending modulus M∗ 0.9− 18× 10−12 erg [30] M = M∗/(r∗2o T
∗) 0.01− 0.2
Viscosity of blood µ∗ 0.012 g/cm·s [30] µ = µ∗/(T ∗/u∗) 0.5
Average periodic time τ∗p L
∗
x/u





Table 3.1: Physical and dimensionless parameters used in the simulations.
3.2 Cell-Free Layer
Figure 3.1 shows that RBCs have moved away from the walls compared to the initial con-
dition shown in Figure 3.2. The time evolution of the cell-free layer thickness through the
initial transient is shown in Figure 3.3. The thickness of the cell-free layer in the steady






























Simulation Time / 
Figure 3.3: Thickness of the cell-free layer in Figure 3.2(B) vs. time. After approximately
40τp, the thickness fluctuates at 1.1ro.
3.3 Blunt Velocity Profile
Figure 3.4 shows the blunt velocity profile resulting from the cellular flow (—) as often
observed in experiments[6, 27]. The dashed curve is the parabolic Stokes flow solution
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that would occur in the absence of cells. The average velocity is the same in the both cases.
Since the shear stress at the walls is larger in the blood with RBCs than without RBCs,
the applied pressure gradient is larger in the blood with RBCs than without RBCs. This is









0 0.2 0.4 0.6 0.8 1.0
Figure 3.4: Time-averaged velocity profile of blood flow (—), velocity profile without cells
but with walls (- -).
3.4 The Fåhræus Effect
Figure 3.5 shows the Fåhræus effect: the static volumetric concentration of RBCs (static
hematocrit, Hs = 0.43) is smaller than the dynamic hematocrit Hd in both 10×20 and 20×40
microvessels, and the ratio of the two hematocrit Hs/Hd decreases as the diameter de-
creases. Crosses represent our simulation results, dots represent Fåhræus’ experimental









Figure 3.5: Fåhræus effect from simulation (crosses), in-vitro experimental data [16] (cross-
hatched area), Fåhræus’s data (dots)[16].
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Chapter 4
Numerical Experiments on the
Cell-Free Layer
We examine four phenomena that may contribute to the cell-free layer: RBC deformation,
RBC aggregation, configuration constraint, and the lubrication mechanism.
4.1 RBC Deformation
The Stokes flow of the plasma itself cannot generate the cell-free layer because of the time
reversibility of the Stokes flow[15]. However, the RBC deformation breaks the time re-
versibility. To evalutate the effect of RBC deformation on the cell-free layer, we simulate
the blood flow in the 10× 20 microvessel by varying the tension T and bending modulus
M of the RBC membrane.
First, we study motion of a single RBC initially located near the wall. Figure 4.1
shows that the notably flexible RBC migrates faster toward the middle than does the rigid
RBC. The initial perimeter lo is set to 2πro in order to model a much less deformable RBC.
We observe that eventually, the two RBCs migrate to the middle of the microvessel and
stay there. Consequently, the simulation with a single RBC indicates that a flexible RBC
tends to move away from the wall faster than does a relatively rigid RBC.
Next, we simulate the blood flow with numerous RBCs with four different levels of
deformability. Figure 4.2 shows the cell configurations for four cases with differing RBC
stiffness, including the normal case Figure 4.2(C). In all four cases, the ratio r2oT/M is fixed
to 50. As we expect, RBCs in Figure 4.2(B) have relatively stiffer biconcave shapes, and
RBCs in Figure 4.2(D) deform more than do RBCs in the other cases.
Figure 4.3 shows the thickness of the cell-free layer in the four different levels of
deformability. As the deformability of RBCs increases (From Figure 4.2(A) to (D)), the cell-
free layer expands. The statistical data in Figure 4.3 confirms this trend. Figure 4.2 also
20
Figure 4.1: Overlap of the migration of two RBCs over 1.6τp: relatively rigid RBC with
T=10, M=0.2, and lo = 2πro; normal RBC with T=1.0, M=0.02, and lo = 1.6(2πro). The time














Figure 4.2: (A) Least deformable RBCs (T=10, M=0.2, lo = 2πro); (B) less deformable RBCs
(T=2.0, M=0.04, lo = 1.6(2πro)); (C) normal RBCs (T=1.0, M=0.02, lo = 1.6(2πro)); (D) more
deformable RBCs (T=0.5, M=0.01, lo = 1.6(2πro)).
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shows that the most flexible RBCs in Figure 4.2(D) elongate in the flow direction more
than do the others, so the flexible RBCs can be densely accumulated in the middle of the
microvessel. Consequently, their alignment to the flow and accumulation yield the thickest
cell-free layer.




























Figure 4.3: Thickness of the cell-free layer in four different RBCs: (A) least deformable
RBCs (T=10, M=0.2, lo = 2πro); (B) less deformable RBCs (T=2.0, M=0.04, lo = 1.6(2πro)); (C)
normal RBCs (T=1.0, M=0.02, lo = 1.6(2πro)); (D) more deformable RBCs (T=0.5, M=0.01,
lo = 1.6(2πro)).
From Figure 4.1−4.3, we conclude that the cell-free layer is generated by the lateral
motion of deformable RBCs. Though, these results do not indicate the cause of the lateral
motion.
4.2 RBC Aggregation
RBC aggregation may result in a lateral motion because RBCs in the RBC-rich core attract
RBCs at the edge of the cell-free layer. In order to investigate the effect of RBC aggregation
on the cell-free layer, we apply the depletion-mediated aggregation theory to the RBC-RBC
interactions (see Section 2.2 for detail). According to this theory, the attraction energy and
force depend on the kind of polymer, and its bulk cb and penetration cp concentration.
In this study we consider DEX500, which has been used in several experimental studies
with rats’ RBCs that do not aggregate naturally[19, 20, 21]. Properties of DEX500, blood,
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and RBCs used in this study of RBC aggregation are listed in Table 4.1. Kim et al. used
bulk concentration of 0.06 g/dL to make rats’ RBCs aggregate in a way similar to that of
human RBCs[21]. In our cases, the bulk and penetration concentration are identical, so the
penetration depth p = 0.63δ from Equation 2.9.
DEX500’s molecular weight Mp (kDa = kg/mol) 500
DEX500’s b2 (m5s−2kg−1) 0.43 [23]
DEX500’s radius of gyration Rg (nm) 19.7 [23]
Thickness of the attached polymer layer on a RBC δ (nm) 5 [23]
Blood temperature T (K) 309.5
Bulk concentration of DEX500 cb (g/dL) 0.06− 0.006[21]
Penetration concentration of DEX500 cp (g/dL) cb
RBC surface charge density σ (Cm−2) 0.036 [23]
Relative permittivity of the blood plasma ǫ 74.7 [3]
Table 4.1: Properties of DEX500, blood and RBCs used in the numerical experiments.
Figure 4.4 shows the (A) interaction energy and (B) force for four different bulk
concentrations of DEX500. As the bulk concentration increases from (a) cb = 0.006 g/dL
to (d) cb = 0.06 g/dL by an order of magnitude, a similar increase in the attraction force
(Figure 4.4(B)) is obtained. The distance over which the force acts however is not sensitive
to the bulk concentration and is approximately 17− 57 nm.
Applying this extremely short-range force to our simulation is theoretically possi-
ble. However, this application requires very small distance between membrane points and
a very small time step. Since our initial distance between membrane points is about 0.16
µm, scaling up the distance range of interactions may reduce the amount of computational
memory and speed up the computation. Here, we scale the range by a factor of 10, keep-
ing the maginitude of the energy constant, and, consequently, scaling down the force by a
factor of 10. The interaction energy and force in Figure 4.4(a) cb = 0.006g/dL is modified
in Figure 4.5. This modification has been used for simulating the aggregation of two rigid
RBCs by Chung et al.[9]. However, Chung et al. maintained the magnitude of the force
thus increased the interaction energy.
The DEX500 concentration (0.006 g/dL) used in these simulations is only about 10%
of that found to simulate human RBC aggregation[21]. The reason for this limitation is that
the interaction algorithm is not sufficiently robust to allow stronger attraction forces. Our
conclusions regarding the importance of RBC aggregation are tentative. Developing our
algorithm to allow stronger aggregation forces is needed.
However, even with this lower DEX concentration, we observed that RBCs aggre-
gated and formed rouleaux, piles of aggregated RBCs (the filled RBCs in Figure 4.6(A)
and (B)). The aggregated RBCs are usually observed around the middle of the microvessel
because shear stress from the flow is not significant enough to overcome attraction forces
23

























































Figure 4.4: Effect of bulk concentration (cb) on (A) interaction energy vs. RBC-RBC distance
and (B) interaction force vs. RBC-RBC distance for RBC in DEX500 ((a) cb = 0.006 g/dL, (b)
cb = 0.012 g/dL, (c) cb = 0.03 g/dL, (d) cb = 0.06 g/dL, penetration concentration cp = cb for
each case). The vertical dashed line at 10 nm indicates the shortest allowed distance due
to the thickness of two glycocalyx layers. Positive forces denote attraction forces, while
negative forces are repulsion forces.
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Figure 4.5: Scaled interaction energy (a) and force (b) at DEX500’s cb = 0.006 g/dL. Distance
is scaled up by a factor of 10, energy is conserved, and force is scaled down by a factor of
10.
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between aggregated RBCs. Figure 4.6(C) shows partially aggregated RBCs near the wall





Figure 4.6: (A) Visual of the whole microvessel, (B) rouleau of three aggregated RBCs, (C)
partially aggregated RBCs. Filled RBCs indicate rouleaux of aggregated RBCs.
Figure 4.7 shows the effect of RBC aggregation on the thickness of the cell-free
layer. The average thickness of the cell-free layer increases by only 5% with RBC aggre-
gation. Furthermore, the increase is less than the standard deviation of the cell-free layer
thickness. In addition, cell-free layers have been observed in some sedentary mammalian
species (e.g., sheep or cows)[28] and rodents (e.g., rats)[6] whose RBCs do not aggregate,
as in Figure 3.1(A). So not only is aggregation not necessary for the formation of a cell-free
layer, but with binding energies that are approximately 10% of those expected in humans,
aggregation appears to have minimal effect on the layer. Whether stronger aggregation
forces will have a significant effect remains to be seen.
4.3 Configuration Constraint
Regardless of the lateral motion of RBCs, a reduced hematocrit will occur near the wall
because RBCs cannot intersect the vessel wall. To evaluate the magnitude of this effect, an
artificial configuration constraint is introduced in the flow away from the wall, by elimi-
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Figure 4.7: Thickness of the cell-free layer with and without RBC aggregation.
nating RBCs violating the constraint(see Figure 4.8).
Figure 4.8: Remove RBCs which intersect the arbitrary line in the middle of the microves-
sel.
Figure 4.9 shows (a) the hematocrit profile of the arbitrary configuration constraint
and (b) the normal hematocrit profile. The normal hematocrit profile clearly shows the
cell-free layer where the local hematocrit Hs(y) is zero. After we apply the arbitrary con-
figuration constraint, the hematocrit profile drops near the arbitray line. We define the
thickness of the depleted region dC as the distance between the two y-positions at the half
of the total hematocrit Hs(y) = 0.215. The thickness dC in this experment is compared with
that dL in the next experiment to test the lubrication mechanism (Section 4.4). Although the
arbitrary line causes the drop of the hematocrit profile, no cell-free ”layer” is observed near
the line. Therefore, the wall configuration constraint cannot generate the cell-free ”layer”














Figure 4.9: (a) Hematocrit profile of the arbitrary configuration constraint and (b) normal
hematocrit profile.
4.4 The Lubrication Mechanism
Finally, lubrication forces arising in a narrow gap between the wall and RBCs near the wall
may generate the cell-free layer. To determine whether this is so, we modify the boundary
condition to no-shear stress at the top wall. We keep the no-slip condition at the bottom
wall to distinguish the effect of these two different conditions on the flow.
Figure 4.10 shows transient velocity profiles after the top boundary condition was
modified. As we saw in Section 3.3, the flow initially had a blunt velocity profile (Figure
4.10(a)). However, the profile abruptly changes to Figure 4.10(b), in order to satisfy the
no-shear stress conditions at the top wall. The concave shapes in Figure 3.3(b) and (c)
are due to the existence of the majority of RBCs in the middle at the beginning. After
approximately 40τp, we obtain the expected velocity profile (Figure 4.10(d) similar to that
in the free surface channel flow.
The positions of the cells at ∆τp = 0 and ∆τp = 40 (corresponding to Figure 4.10(a)
and (d)) are shown in Figure 4.11. After the no-shear stress condition was applied to the top
wall, RBCs have migrated toward the top wall (black cells in Figure 4.11), which eliminated
the cell-free layer near the top.
Figure 4.12 shows that the no-shear stress condition changes the hematocrit profile
from (a) to (b). At the no-shear stress wall, the hematocrit shows no layer in which the






Figure 4.10: Transient velocity profiles after the top boundary condition was modified: (a)
∆τp = 0, (b) ∆τp = 2 × 10−4, (c) ∆τp = 0.02, and (d) ∆τp = 40. The average velocity is the
same u∞ = 0.4 before and after the change of the boundary condition.
no-slip
no-shear stress (black)no-slip (gray)
Figure 4.11: Overlap of two images of the RBCs: gray RBCs at ∆τp = 0 and black RBCs at
∆τp = 40 (corresponding to Figure 4.10(a) and (d)).
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constraint in Figure 4.9. The thickness of drop dL is defined as the distance between y at
the half of total hematocrit Hs(y) = 0.215and the position of the top wall. The thickness dL














Figure 4.12: Hematocrit profile (a) in case of no-slip at both walls and (b) in case of no-shear
stress at the top.
The changed hematocrit profile near the wall is very similar to the profile near the
configuration constraint (Figure 4.13). Therefore, the no-shear stress condition generates
an effect similar to the configuration constraint. The combined hematocrit profiles also
indicates that the lubrication force near the wall enforces RBCs to move away from the
wall and consequently, contributes to the shift of the hematocrit from Figure 4.13(d) to (a).
In summary, the no-slip condition at the walls does not allow RBCs to migrate to-
ward the top wall, while the no-shear stress does. The reason for these phenomena is
that the lubrication mechanism occurs in the high-shear region near the wall: when a RBC
tends to move toward the wall, a lubrication force acts on the RBC against the motion.
Consequently, the cell-free layer forms between the wall and the point where the lubrica-





Distance from the top wall / ro
Lubrication Force
Figure 4.13: Four hematocrit profiles near the top wall: (a) the normal hematocrit in Figure
4.9(b), the left (b) and right half (c) of the hematocrit drop in Figure 4.9(a) shifted horizon-




In this work we demonstrated a two-dimensional computer simulation of blood flow in
microvessels including depletion-mediated RBC aggregation. The simulation results qual-
itatively agree with several experimental observations: blunt velocity profiles, the Fåhræus
effect, and the generation of the cell-free layer. In addition to modeling the blood flow, we
conducted numerical experiments on the cell-free layer and showed, without ambiguity,
that the the cell-free layer is generated by the lateral motion of deformable RBCs due to
the lubrication mechanism.
Future work on microcirculation will include the following:
• Simulation of RBC aggregation with interaction energies consistent with those present
in human blood;
• Three-dimensional simulation of the blood flow (because RBCs have a three-dimensional
shape and deform in all directions, a three-dimensional simulation is required to
show greater detail, e.g., apparent viscosities of the blood and the effect of different
cytoplasm viscosity on the blood);
• Endothelium cells and a greater variety of blood cells, e.g., white blood cells, platelets,
and/or sickle cells, in order to investigate their effects on the blood flow;
• Simulation of blood flow in pathological conditions, such as the growth of a tumor
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